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ECOH 2nd SEM  MATHEMETICAL ECONOMICS 

Application of Comparative Statics in Economics 
 

 
Akeyconceptineconomicsisthatofequilibrium.Alargepart 

ofthemathematicalmodellingwedointhisregardisconcernedwithcomparativestatics, 

thatis,thecomparisonofdifferentequilibriumstatesthatareassociatedwithdifferentsets 

ofvaluesofparametersandexogenousvariables.Tomakesuchacomparison,wealways 

startbyassuminganinitialequilibriumstate.Wethenallowsomekindofdisequilibrating 

changeinthemodel(throughsomechangeinaparameteroranexogenousvariable).When 

thisoccurs,theinitialequilibriumwillofcoursebeupset,andsotheendogenousvariables 

willhavetoadjust.Thequestionweconcernourselveswithincomparativestaticsis“How 

willthenewequilibriumpositioncomparewiththeold?” 

NB:Whenwestudycomparativestatics,wesimplycomparetheinitial(pre-change) 

equilibriumpositiontothepost-changeequilibriumposition.Wecannotsayanything 

abouttheprocessofadjustment. 

Ourcomparativestaticanalysiscanbeeitherquantitativeorqualitative.Ifouranalysis 

ispurelyqualitative,thismeansthatwewillonlybeabletotalkaboutthedirectionof 

thechangethatoccurs.Ifitisquantitative,wewillactuallybeabletotalkaboutthe 

magnitudeofthechangethathasoccurred.(Obviously,ifweknowthemagnitude,we 

willalsoknowthedirectionofthechange,soineffect,thequantitativeanalysisinvolvesa 

qualitativeelementaswell). 

Thecruxofallofthisisthatindoingcomparativestatics,wearelookingforarate 

ofchange,namelytherateofchangeoftheequilibriumvalueofanendogenousvariable 

withrespecttoachangeintheparticularparameterorexogenousvariable.(Howdoes 

theendogenousvariablechangeinresponsetoachangeintheexogenousvariable,ora 

changeintheparameter)Togetatthis,wewillmakeuseoftheconceptofaderivative, 

aconceptthatisconcernedwithratesofchange.
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1TheDerivative 
 

1.1TheDifferenceQuotient 
 

Whenxchangesfromthevaluex0toanewvaluex1,thechangeisgivenbythedifference 

x1−x0.Weusethesymbol∆todenotethechange,hencewecanwrite∆x=x1−x0. 
Itisstandardtousethenotationf(xi)torepresentthevalueofthefunctionf(x)when 

x=xi.Forexample,iff(x)=x2−3,thenf(1)=(1)
2−3=−2andf(2)=(2)

2−3=1. 
Considerthesimplefunctiony=f(x). 

Theinitialvalueofxisx0,andsoy=f(x0). 

Whenxchangestoanewvalue(x0+∆x),thevalueofyatthispointisy=f(x0+∆x). 

Thedifferencequotientgivesusthechangeinyperunitchangeinx: 
 

∆y
=

f (x0 + ∆x) − f (x0) 
∆x∆x 

 

Thisgivesustheaveragerateofchangeofy. 

 
Example1Considerthelinearfunctiony=f(x)=2x+1.Supposexchangesfromx0 

to(x0+∆x),thenthedifferencequotientisgivenby 
 

∆y
=

f (x0 + ∆x) − f (x0) 
∆x∆x 

=
[2 (x0 + ∆x) + 1] − [2x0 + 1] 

∆x 
2∆x 

= 
∆x 

=2 
 

Example2Considerthequadraticfunctiony=f(x)=2x2−1.Supposexchangesfrom 

x0to(x0+∆x),thenthedifferencequotientisgivenby 
 

∆y
=

f (x0 + ∆x) − f (x0) 
∆x∆x h

2(x0+∆x)
2−

i 
= 

∆x 

2
 −2x2−1 

 

x0+2x0∆x+(∆x)
2−1 

= 
−2x0+1

∆x 

4x0∆x +(∆x)
2 

= 
∆x 

=4x0+∆x
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1.2TheDerivative 
 

Weareusuallyinterestedintherateofchangeofywhen∆xisverysmall.Inthiscase, 

itispossibletoobtainanapproximationofthedifferencequotientbydroppingallthe 

termsinvolving∆x.Soforexample,forourfunctiony=f(x)=2x2−1above,we 

couldapproximatethedifferencequotientbytaking4x0(we’reeffectivelytreating∆xas 

infinitesimallysmall).As∆xapproaches0,(i.e.itgetscloserandclosertozerobutnever 

actuallyreachesit),thedifferencequotient4x0+∆xwillapproach4x0. 

Wecanexpressthisideaformallyasfollows: 
 

∆y
lim 
∆x→0∆x 

 

∆y 

=lim 
∆x→0 

(4x0+∆x)=4x0

andwereadthisas”thelimitof 
∆x

as∆xapproacheszerois4x0”.
 

∆y
If,as∆x→0,thelimitofthedifferencequotient

∆x
indeedexists,thatlimitiscalled

 
thederivativeofthefunctiony=f(x).Theprocessofobtainingthederivativeisknown 

asdifferentiation. 

Becausethederivativeisjustthelimitofthedifferencequotient(whichmeasuresa 

rateofchange),thederivativeisalsoameasureofarateofchange.However,becausethe 

changeinxissosmall(∆x→0),thederivativeactuallymeasurestheinstantaneousrate ofchange. 

Therearetwocommonwaystodenoteaderivative.Givenanoriginalfunctiony=f(x), 
dy

wecandenoteitsderivativeasfollows:f0(x)(orsimplyf0)or 

wemaydefinethederivativeofafunctiony=f(x)asfollows: 

.Usingthesenotations 
dx

 

dy∆y 

dx
≡f0(x)≡lim 

∆x→0∆x 
 

2TheDerivativeandtheSlopeofaCurve 
 

Oneofthemostcommonusesoftheconceptofaderivativeineconomicsistotellus 

somethingabouttheslopeofacurve.Forexample,supposewehaveatotalcostfunction, 

whereC=f(Q).Fromeconomictheory,weknowthatthemarginalcost(MC)isdefined 

asthechangeintotalcostresultingfromaone-unitchangeinoutput(orquantity).In 
∆C 

otherwords,MC=. 
∆Q 

Thisshouldlookfamiliar!Weassumethat∆Qisverysmall,andthus,wecanapprox- 
∆C

imate 
∆Q

bytakingitslimitas∆Q→0,i.e.
 

 

dC∆C 

dQ
≡f0(Q)≡lim

∆Q→0∆Q
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Thisisalsomeasuredbytheslopeofthetotalcostcurve. 

Note:theslopeofacurveisthegeometricequivalentoftheconceptofaderivative. 
 
 

3LimitsandContinuity 
 

Thefunctionf(x)isdifferentiableifthelimitofthedifferencequotientas∆x→0exists, 
∆y

i.e.lim 
∆x→0∆x 

exists.Notallfunctionsaredifferentiable,andwenowlookatwhichfunctions

canandcannotbedifferentiated. 

First,let’slookattheideaoflimitsmoreclosely.Thestatement 
 

f(x)tendstothelimit`asxapproachesx0 

 

meansthatwemaymakef(x)ascloseaswewishto`forallxsufficientlyclose(butnot equal)tox0. 

Wewritethisas
 
 

and 

f(x)→`asx→x0

 

 
Importantly 

lim 
x→x0 

f(x)=`

lim 
x→x0 

f(x)mayormaynotbeequaltof(x0)

 

Example3Letf(x)=2x+3.Thenf(x)iscloseto5wheneverxiscloseto1.Hence 
 
 
 

Example4Let 

limf(x)=5=f(1). 
x→1

 

f(x)= 
+1,whenx=4 

−1,whenx=4
 

Sincef(x)=1wheneverx=4,howeverclosexisto4,f(x)→1asx→4.But 

f(4)=−1.Therefore 

limf(x)=f(4). 
x→4 

 

Definition1Wesaythatthefunctionf(x)iscontinuousatx0if 

 
1.Thepointx0isinthedomainoff,i.e.f(x0)isdefined. 

2.Thefunctionhasalimitasxx0,i.e.lim 
x→x0 

f(x)exists.

 

3.Thelimitasxx0mustbeequalinvaluetof(x0),i.e.lim 
x→x0 

 

f(x)=f(x0).
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Sothefunctionf(x)=2x+3iscontinuousatx=1,butthefunction 
+1,whenx=4

f(x)= 
−1,whenx=4 

isdiscontinuous(i.e.notcontinuous)atx=4.

 

Definition2Wesaythatfisacontinuousfunctionifitiscontinuousatxforevery 

x.Geometrically,afunctioniscontinuousifitsgraphmaybedrawnwithoutliftingthe pencilfromthepaper. 
 

 

4Differentiability 
 

Wenowreturntothequestionofwhendifferentiationispossible. 
 

Definition3Afunctionissaidtodifferentiableataparticularpointifthederivativeof 

thefunctioncanbefoundatthatpoint. 
 

Definition4Adifferentiablefunctionisonethatisdifferentiableateverypoint. 
 

Everydifferentiablefunctioniscontinuous.Ontheotherhand,notallcontin- 

uousfunctionsaredifferentiable.Forexample,thefunctionf(x)=|x|isacontinuous 

functionbutisnotdifferentiableatx=0. 

Continuityisanecessarybutnotsufficientconditionfordifferentiability. 
 

 

5RulesofDifferentiation 
 

Thegoodnewsisthatwedonothavetotakethelimitofthedifferencequotienteachtime 

wewantcalculateaderivative.Wecanusetherulesofdifferentiationtohelpus. 

 
5.1ConstantFunctionRule 

 

 

 
then 

Ify=f(x)=c(wherecisaconstant) 

dy 
=f0(x)=0 

dx

 
Example5Ify=f(x)=7,then 

 

dy 
=f0(x)=0. 

dx
 

5.2ConstantFactorRule 
 

 

 
then 

Ify=cf(x) 

dy 
=cf0(x) 

dx
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dy 

 
 

5.3PowerFunctionRule 
 

 
then 

Ify=f(x)=xn
 

 

=f
0
(x)=nx

n−1 

dx
 

Example6Ify=f(x)=x2,then
dy

=f0(x)=2x. dx 
 

Example7Ify=f(x)=5x2,then
dy

=f0(x)=5(2x)=10x. dx 
 

Example8Ify=f(x)=3x3,then
dy

=f0(x)=33x2=9x2. dx 
 

5.4Sum-DifferenceRule 
 

 
then 

Ify=f(x)±g(x)±h(x) 

dy 

dx
=f0(x)±g0(x)±h0(x)

 

Example9Ify=f(x)=3x2+4x−1,then 
dy 

=f0(x)=6x+4. 
dx

 

Example10Ify=f(x)=6x3+2x2+3x+5,then
dy

=f0(x)=18x2+4x+3. dx 
 

5.4.1EconomicApplications 
 

Ingeneral,ifouroriginalfunctionrepresentsatotalfunction(e.g.totalcost,totalrevenue, 

etc.),thenitsderivativeisitsmarginalfunction(e.g.marginalcost,marginalrevenue,etc.). 
 

Example11Marginalcost 

Supposeafirmfacesthefollowingtotalcostfunction 
 

C(Q)=Q3+4Q2+10Q+75 
 

Thenmarginalcostisgivenby
 
 
 
 

Ingeneralform, 

 
dC 

MC= 
dQ 

 

=3Q2+8Q+10

 

IfC=C(Q) 

dC
thenMC= =C0(Q) 

dQ



7 

 

 

 
 

Example12Marginalrevenue 

Ingeneralmarginalrevenueisthederivativeofthetotalrevenuefunction 
 

IfR=R(Q) 

dR
thenMR= =R0(Q) 

dQ
 

Supposeamonopolistfacesthedemandfunction 
 

Q=27−3P 
 

Thentotalrevenue,expressedasafunctionofQis 
 

1
R(Q)=PQ= 

3
(27−Q)

 
(Q)

 

 
 
 

Marginalrevenueisthen 

12 
=9Q−

3
Q

 
 
 
 

dR2
MR= 

dQ 
=R0(Q)=9−

3
Q

 

Example13Marginalpropensitytoconsume 

Supposewehavetheconsumptionfunction 
 

C=10+0.7Y−0.002Y2
 

 
Themarginalpropensitytoconsumeis 

 

dC 

dY
=0.7−0.004Y

 
 

5.5ProductRule 
 

 

Ify=f(x)g(x)

dy 
then 

dx 

d 
=[f(x)g(x)] 

dx 
dd

=f(x) [g(x)]+g(x) 
dx 

[f(x)] 
dx

=f(x)g0(x)+g(x)f0(x)
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− 

 

Example14  
 

d
4x3+53x28 

dx

=4x3+5
d

dx 3x28+3x28
d

dx 4x3+5
 
 
 
 
 
 

Example15 

=4x3+5(6x)+3x2−812x2 
=24x4+30x+36x4−96x2

 

=60x4−96x2+30x

 

d
(5x+2)2x2 

dx 

=(5x+2)(4x)+2x2(5) 

=30x2+8x 
 

 

5.5.1EconomicApplication 
 

Example16Findingthemarginalrevenuefunctionfromtheaveragerevenuefunction 

SupposeafirmfacesanaveragerevenuefunctionAR=20−Q. 

(Weknowfromeconomictheory,thattheaveragerevenuefunctionisafunctionof
 

output(AR=f(Q).RecallthatAR=P(AR≡ 
TRPQ 

Q
≡

Q
≡P).SoP=f(Q),i.e.the

averagerevenuecurveistheinverseofthedemandcurve.) 

So,tofindthemarginalrevenuefunction,firstcalculatetotalrevenue: 
 

TR=P×Q=AR×Q 

=(20−Q)Q 

=20Q−Q2
 

 

Marginalrevenueisgivenbytheslopeofthetotalrevenuecurve,sowesimplyfindthe 

derivativeofthetotalrevenuefunction: 
 

 
 
 

Example17Ingeneralform 

 

MR= 
dTR 

dQ 

 

=20−2Q

 

AR=f(Q) 

TR=AR×Q=f(Q)×Q 

dTR
MR= =f0(Q)Q+f(Q) 

dQ



9 

 

 

 
 

Recallthatf(Q)=AR,so 
 

MR=f0(Q)Q+AR ⇒MR−AR=Qf0(Q) 
 

Thus,MRandARwillalwaysdifferbyQf0(Q). 

Letusevaluatethisresult: 

Qisquantityandsoisalwayspositive. 

f0(Q)istheslopeoftheARcurve. 
 

•Underperfectcompetition,theARcurveisahorizontalstraightline(becauseall 

firmsarepricetakers).Thereforef0(Q)=0,and 
 

MR−AR=0 ⇒MR=AR 
 

 

Thus,underperfectcompetitiontheMRcurveandARcurvecoincide. 
 

•Underimperfectcompetition,however,theARcurveisdownwardsloping.Therefore, 

f0(Q)<0,and 
 

MR−AR<0 ⇒MR<AR 
 

 

Thus,underimperfectcompetitiontheMRcurveliesbelowtheARcurve. 
 

 

5.6QuotientRule 
 

 

 
 
 

then 

 

Ify= 
 

dy 
= 

dx 

f(x) 

g(x) 

f 0 (x) g (x) − f (x) g0 (x) 

[g(x)]
2

Example18  

 
d2x −3

=
(2) (x + 1) − (2x − 3) (1)

dxx+1  
5 

=
(x+1)2

 

(x+1)
2
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Example19  
 

d5x +2  
= 

dxx2−2x+1 

 
 

(5) x2 −2x + 1− (5x + 2) (2x − 2) 

(x2−2x+1)
2
 

2 

 
 
 
 
 
 
 
 
 

Example20 

= 
−5x − 4x + 9 

(x2−2x+1)
2
 

= 
− (5x + 9) (x − 1) 

(x−1)
4
 

= 
− (5x + 9) 

(x−1)
3

 

dax2 +b 
= 

dxcx 
 

= 
 

 

= 
 

 

= 
 

 

= 

 

(2ax) (cx) − ax2 + b(c) (cx)
2
 

2acx2 −acx2 − 
bcc2x2 

acx2 

−bcc2x2 

c ax2 −b 
c2x2 

ax2 −b 

cx2

 

5.6.1EconomicApplication 
 

Example21Therelationshipbetweenthemarginalcostandaveragecost 

Recall 
 

Totalcost:C=C(Q) 

C(Q) 
Averagecost:AC= 

Q 

TheslopeoftheACcurvecanbefoundbyfindingitsderivative
 

dAC 

dQ 
=

C0 (Q) Q − C (Q) (1) 
Q2

C0(Q) 
= 

Q 

1 C(Q) 
−

Q2 

C(Q)
=

Q
C0(Q)−

Q 

1 
=

Q
[MC−AC]
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× 

 
 

WecanusethisresulttotelluswheretheMCcurveintersectstheACcurve.(Assume thatQ>0) 

dAC 

dQ 

dAC 

dQ 

dAC 

dQ 

 

>0ifC0(Q)> 

 
=0ifC0(Q)= 

 
<0ifC0(Q)< 

C(Q) 

Q 

C(Q) 

Q 

C(Q) 

Q
 

Inwords,theslopeoftheACcurveis 
 

•positiveifMCliesaboveAC 
 

•zeroifMCintersectsAC 
 

•negativeifMCliesbelowAC 

 
ThisestablishesthefamiliarresultthattheMCcurveintersectstheACcurveatits minimumpoint. 

 
5.7ChainRule 

 

Thisisusefulwhenwehaveacompositefunction. 
 

Iff(x)=p(q(x)) 

thenf0(x)=p0(q(x))q0(x) 
 

Asimplerwayofwritingthisisasfollows.Letu=q(x)andy=p(u),sothat 

y=p(q(x))=f(x).Then
 
 

 
Example22 

dydydu 
= 

dxdudx

f(x)=5x2−1
9
 

 

Letu=5x2−1,andy=u9.Then 
 

dy 
f0(x)= 

dx 

dydu 
=

du
×

dx

=9u8×(10x) 
 

9
  

 
8

=(10x) 5x2−1
 

=90x5x2−1
8
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Example23  

f(x)=3(2x+5)
2

 

Letu=2x+5,andy=3u2.Then 
 

dy 
f0(x)== 
dx 

 
 
 
dydu 

du
×

dx
=(6u)×(2) 

=12(2x+5) 

=24x+60 

Example24  

f(x)=x2+3x−2
17

 

Letu=x2+3x−2,andy=u17.Then

 
dy 

f0(x)= 
dx 

 

dydu 
=

du
×

dx

=17u16×(2x+3) 

=17x2+3x−2
16

(2x+3) 
 

 

5.7.1EconomicApplication 
 

Example25GiventhetotalrevenuefunctionofafirmR=f(Q),whereoutputQisa 
dR 

functionoflabourinputL(Q=g(L)),find. dL 
 

R=f(Q)=f(g(L))

dRdRdQ 
=. 

dLdQdL 
 

dR 

 

=f0(Q)g0(L)

Ineconomicterms 
dL

isthemarginalrevenueproductoflabour(MRPL),f0(Q)is

themarginalrevenuefunction(MR),andg0(L)isthemarginalphysicalproductoflabour 

(MPPL).Thusourresultgivesusthewell-knowneconomicrelationship 
 

MRPL=MR×MPPL. 

 
5.8InverseFunctionRule 

 

Definition5Ifthefunctiony=f(x)representsaone-to-onemapping,i.e.ifthefunc- 

tionissuchthateachvalueofyisassociatedwithauniquevalueofx,thefunctionf 

willhaveaninversefunctionx=f−1(y).Notethisisnotthereciprocaloff(x)(i.e. 

f−1(y)=
1 

). 
f(x)
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Whenaninversefunctionexists,thismeansthateveryxvaluewillyieldauniquey 

value,andeveryyvaluewillyieldauniquexvalue,i.e.thereisaone-to-onemapping. 

 
Example26Themappingfromthesetofallhusbandstothesetofallwivesisone-to- 

one:eachhusbandhasauniquewifeandeachwifehasauniquehusband(inamonogamous society). 

Themappingfromthesetofallfatherstothesetofallsonsisnotone-to-one:each 

fathermayhavemorethanoneson,althougheachsonhasauniquefather. 

 
Whenxandyreferspecificallytonumbers,thepropertyofone-to-onemappingis 

uniquetostrictlymonotonicfunctions. 

 
Definition6Givenafunctionf(x),if 

 
x1>x2⇒ f(x1)>f(x2) 

thenfissaidtobeastrictlyincreasingfunction.If 

x1>x2⇒ f(x1)<f(x2) 

thenfissaidtobeastrictlydecreasingfunction. 

Ineitherofthesecases,fissaidtobeastrictlymonotonicfunction,andaninverse functionf−1exists. 
 

Apracticalwayofdeterminingwhetherafunctionf(x)isstrictlymonotonicisto 

checkwhetherthederivativef0(x)iseitheralwayspositiveoralwaysnegative(notzero) 

forallvaluesofx.So 
 

Iff0(x)>0∀x,thenf(x)isstrictlyincreasing(upwardsloping). 

Iff0(x)<0∀x,thenf(x)isstrictlydecreasing(downwardsloping). 

 
Example27 

 
y=5x+25 

dy 
=5 

dx 
 

dy
Since 

dx 
ispositiveregardlessofthevalueofx,thisfunctionisstrictlyincreasing.It

followsthatitismonotonicandaninversefunctionexists.Inthiscase,wecaneasilyfind 

theinversefunctionbysolvingtheequationy=5x+25forx 
 

1 
x=

5
y−5
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Example28ShowthatthetotalcostfunctionTC=Q3−53Q2+940Q+1500isstrictly monotonic. 

Findthefirstderivative: 
 

TC0(Q)= 
 

 

Showthatthisisstrictlypositive: 

dTC 

dQ 

 

=3Q2−106Q+940

1)ThecoefficientonQ2ispositive,sotheparabolawillbeconvex.Thus,iftheparabola hasnox-

interceptsweknowitwillliestrictlyabovethex-axis,i.e.TC0(Q)>0,∀Q. 
 

b2−4ac=(−106)
2−4(3)(940) 

=−44 

<0⇒nox-intercepts. 
 

2)OR,bycompletingthesquare(seeSection0,p11-12): 
 

dTC
TC0(Q)= =3Q2106Q+940 

dQ 

=3Q2−
106

Q+
940 

33

=3Q2−
106

Q+
2809 2809 940

 " 
 

=3Q− 

 

3 

53
2 

+ 
3 

9
−

9
+

3 

11
# 

9
 

>0forallQ 
 

3)OR,bygraphingit: 

 

 
Forinversefunctions,theruleofdifferentiationis 

 

dx1 
= 

dydy/dx
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Example29Giveny=x5+x,find
dx

. 
dy 

First,weneedtodeterminewhetheraninversefunctionexists. 
 

dy 
=5x4+1 

dx 

dy
Since 

dx 
ispositiveregardlessofthevalueofx,thisfunctionisstrictlyincreasing.It

followsthatitismonotonicandaninversefunctionexists.Inthiscase,itisnotsoeasyto 

solvethegivenequationforx,butwecaneasilyfindthederivativeoftheinversefunction 

usingtheinversefunctionrule:
 

dx1 
= 
dydy/dx 

 

1 
=

5x4+1
 

5.9LogFunctionRule 
 

 

Ify=f(x)=logbx

dy 
then 

dx 

 

=f0(x)= 
1 

xlnb
 

Fornaturallogarithms(basee),therulebecomes 
 

Ify=f(x)=lnx

dy 
then 

dx 

 

=f0(x)= 

 
dy 

11 
= 

xlnex 
 

5
Example30Ify=f(x)=5lnx,then 

 
lnx 

=f0(x)=. dxx

Example31Ify=f(x)= 

 
dy 

,then 
x2 

 

 
(1/x) x2−(ln x) (2x)

=f0(x)= 
dx 

 

= 

(x2)
2
 

1 −2 ln 

xx3

Insomecases,ourlogarithmicfunctionmaybealittlemorecomplex.Forexample, 

thexinourfunctionlnx,maybereplacedbysomefunctionofx,g(x).Inthiscase,we 

usethechainrule(letu=g(x),theny=lnu) 
 

Ify=lng(x)

dy 
then= 

dx 

g0(x) 

g(x)
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x 

dy 

− 

− 

 

 

Example32Ify=lnx2+1,then 

dy 
= 

dx 
 

Example33Ify=lnx5+2,then 
 

dy 
= 

dx 

g0(x) 

g(x) 
 
 

 
g0(x) 

g(x) 

2x 
=

x2+1 
 
 

 
5x4 

=
x5+2

 

Example34Ify=ln2x2+3x,then 

dyg0(x) 
== 

dxg(x) 

4x+3 

2x2+3x
 

Example35Ify=x2ln(4x+2),then
 

dy4 
=x2

  
dx4x+2 

2x2 

 

 

+(2x)(ln(4x+2))

= 
2x+1 

+2xln(4x+2)

 

5.10ExponentFunctionRule 
 

 
then 

Ify=f(x)=ex
 

dy 
=f0(x)=e 

dx
 

Inthosecaseswherethexisreplacedbysomefunctionofx,g(x),weusethechain 

rule(letu=g(x),theny=eu): 
 
 

 
then 

Ify=f(x)=eg(x)
 

 

=f
0
(x)=g

0
(x)e

g(x) 

dx
 

Example36Ify=e−1/2x2

,then
dy

= 
dx 

 

Example37Ify=ert,then
dy

=rert. dt 

 

xe−1/2x2

.

 

Example38Ify=e−t,then
dy

=e−t. dt
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6LogarithmicDifferentiation 
 

Often,thefunctionalformsoneispresentedwithareincrediblycomplex.Onewayof 

simplifyingthetaskofdifferentiationistore-writethefunctioninnaturallogarithmsbefore 

findingthederivative.Ingeneral,todifferentiateanyfunctiony=f(x)(butespecially 

complicatedonesthatentailusingtheproduct,quotientandpowerrulesallatonce),the 

followingmethodmightbeuseful: 

 
1.Takethenaturallogofbothsides,thusobtaininglny=ln[f(x)] 

 

2.Simplifyln[f(x)]byusingpropertiesoflogs. 

3.Differentiatebothsideswithrespecttox. dy 
4.Solvefor. 

dx 

5.Re-writeintermsofxonly. 
 

(2x −5)
2
dy

Example39Ify= 
x2

√
4
x2+1 

,thentofind: 
dx

Step1:Takethenaturallogofbothsides "
(2x − 5)

2
#

lny=ln 
x2

√
4
x2+1

 

Step2:SimplifytheRHSbyusingpropertiesoflogs 

x2
p

4
lny=ln(2x−5)

2−ln  x2+1

lny=2ln(2x−5)− lnx2+lnx2+1
1/4

 
lny=2ln(2x−5)−2lnx−

4
lnx 

 
+1
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Step3:DifferentiateBOTHsideswithrespecttox. 

OntheLHS,weusethechainrule.Letz=lny,wherey=f(x).Then 
 

 
 
 

OntheRHS 

dzdzdy 
=. 

dxdydx 
 

 
 

d
 

1dy 
= 

ydx 
 

 
 

1

dx
2ln(2x−5)−2lnx− lnx2+1 

4
 

 
 
 

NowLHS=RHS 

4 
=− 
2x−5 

 

 

1dy 

2x 

x
−

2(x2+1) 
 

 

42x
 

 
dy 

Step4:Solvefor. 
dx 

 

ydx 
=− 

2x−5 x
−

2(x2+1)

 

dy4 
=y− 

dx2x−5 

 

2x 

x
−

2(x2+1)
 

Step5:Re-writeintermsofxonly 

dy(2x − 5)
2 

dx
=

x2
√

4x2+1 

4 2 

2x−5
−

x 

x  
−

2(x2+1)

 

7PartialDifferentiation 
 

Sofarwehaveonlylookedatsituationsinwhichtherewasonlyoneindependentvariable 

(wecallsuchfunctions“bivariate”functions).However,mostinterestingapplicationsin 

science(beitinthesocial,physical,behaviouralorbiologicalsciences)requireananalysis 

ofhowonevariablechangeswithinfinitesimalchangesinanother,whenthereismore 

thanoneindependentvariable.Suchfunctionsarecalledmultivariatefunctions.Asimple 

exampleisf(x,y)=x2+y2.AnotherwouldbeQ=Q(L,K).Thefirstisanumerical 

functionasitspecifiesananalyticalexpressioninthetwovariables,whereasthesecondis 

ageneralfunction-itdoesnottellyoutheexplicitfunctionalrelationofLandKwith 

respecttoQ,justthatthesearethetwovariablesthatexplainthedependantvariableQ. 

Soify=f(x1,x2,...,xn),whenwepartiallydifferentiateywithrespecttoxiweallow 

xitovaryandholdtheotherindependentvariablesconstant.Wedenotethepartial 

derivativeofywithrespecttoxiby
 

∂y 

∂xi 

 

 

=fxi
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Thisistheceterisparibusassumptionyouhaveencounteredbefore:whatistheeffectof 

xiony,holdingotherthingsconstant? 

Sincewealreadyknowhowtohandleconstantswhendealingwithjustoneindependent 

variable,youineffectalreadyknowhowtopartiallydifferentiateafunction. 
 

Example40Ify=f(x1,x2)=3x2+x1x2+4x2,then 
12 

 

∂y
 

∂x1 

∂y 

∂x2 

=fx1
=6x1+x2Wetreatx2asconstant,andallowx1tovary. 

 
=fx2=x1+8x2Wetreatx1asconstant,andallowx2tovary.

 

Example41Ify=f(u,v)=(u+4)(3u+2v),then 
 

∂f 

∂u
=fu=(u+4)(3)+(1)(3u+2v)=6u+2v+12=2(3u+v+6)

 
∂f 

∂v
=fv=(u+4)(2)+(0)(3u+2v)=2(u+4)

 
 

3u −2v
Example42Ify=f(u,v)=  

u2+3v 
,then

 

∂f 

∂u
=fu=

 
 

∂f 

∂v
=fv=

 

 

(3) u2 +3v− (3u − 2v) (2u) 

(u2+3v)
2
 

(−2) u2 +3v− (3u − 2v) (3) 

(u2+3v)
2
 

 

−3u2 +4uv + 9v 
=

(u2+3v)2
 

=
−u (2u + 9) 

(u2+3v)
2

 

Example43SupposewehaveaproductionfunctiongivenbyQ=f(K,L).Thenwecan 

findthepartialderivativeswithrespecttoKandL,whichhaveparticularmeanings: 
 

∂Q 

∂K
=QK=fK=marginalproductofcapital

 
 

Thistellsushowoutputwillvaryinresponsetoaone-unitchangeincapitalinput, 

holdingthelabourinputconstant.Similarly, 
 

∂Q 

∂L
=QL=fL=marginalproductoflabour

 
 

Thistellsushowoutputwillvaryinresponsetoaone-unitchangeinlabourinput, 

holdingthecapitalinputconstant.
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=
−  

=
−  

 
 

7.1ApplicationstoComparativeStaticAnalysis 
 

Weanalysethecomparativestaticsoftheequilibriumofeconomicmodelsthatwe’ve alreadysolved. 
 

Example44MarketModel 

Thismodelisthefamiliarsupplyanddemandframeworkinamarketproducing1good. 

Wewillnowusecalculustolookathowchangesintheinterceptandslopesofdemandand 

supplyfunctionsaffectequilibriumpriceandquantityTheemphasisonthewordequilib- 

riumisimportanthereasitindicatesthatwhatweinterestedinishowthesolutiontothe 

demandandsupplyfunctionschangeswhenyouchangeoneoftheparametersofthemodel. 

(i.e.comparativestaticanalysis). 
 

 
Qd=Qs 

Qd=a−bP(a,b>0) 

Qs=−c+dP(c,d>0) 
 

We’vesolvedfortheequilibriumpriceandquantityinSection1: 
 

a+c
P∗= 

 

Q∗= 

 

b+d 
ad −bc 

b+d
 

Wearenowinterestedinanalysingthecomparativestaticsofthemodel.
 

∂P∗
 

∂a 

 

1 
=>0 

b+d

ThistellsusP∗willincrease(decrease)ifaincreases(decreases). 

∂P ∗ 

∂b =
0(b + d) − 1 (a + c) 

(b+d)
2
 

(a +c) 

(b+d)2
<0

 

ThistellsusP∗willdecrease(increase)ifbincreases(decreases).
 

∂P∗
 

∂c 

 

1 
=>0 

b+d

ThistellsusP∗willincrease(decrease)ifcincreases(decreases). 

∂P ∗ 

∂d =
0(b + d) − 1 (a + c) 

(b+d)
2
 

(a +c) 

(b+d)2<0

 

ThistellsusP∗willdecrease(increase)ifdincreases(decreases). 

FindthepartialderivativesofQ∗andcheckyourresultsusinggraphs.
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Example45NationalIncomeModel 

Letthenationalincomemodelbe: 
 

Y=C+I+G 

C=a+b(Y−T)a>0,0<b<1 

T=d+tYd>0,0<t<1 
 

whereYisnationalincome,Cis(planned)consumptionexpenditure,Iisinvestment 

expenditure,GisgovernmentexpenditureandTistaxes. 

We’vesolvedfortheequilibriuminSection2: 
 

a −bd + I + G
 

 
 
 
 
 
 
 
 

Governmentmultiplier: 

Y∗= 
 

 

C∗= 
 

 

T∗= 

 

1−b(1−t) 

a −bd + b (1 − t) (I + G) 

1−b(1−t) 

d (1 − b) + t (a + I + G) 

1−b(1−t)

∂Y∗
 

∂G 

1 
=>0 

1−b(1−t)
 

Anincrease(decrease)ingovernmentexpenditurewillincrease(decrease)equilibrium 

nationalincome. 

Theeffectofachangeinnon-incometaxonequilibriumnationalincome: 

∂Y ∗ 

∂d 
=

−b 
<0 

1−b(1−t)
 

Anincrease(decrease)innon-incometaxwilldecrease(increase)equilibriumnational income. 

Theeffectofachangeinincometaxonequilibriumnationalincome: 

∂Y ∗ 

∂t =
0(1 − b (1 − t)) − (a − bd + I + G) (b) 

(1−b(1−t))
2
 

=
−bY ∗

<0 
1−b(1−t)

 

Anincrease(decrease)inincometaxwilldecrease(increase)equilibriumnationalin- come. 

Youshouldalwayscheckthatyourresultscoincidewithyoureconomicintuition.
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Example46MarketModel 

Thesystemofequationsbelowdescribesthemarketforwidgets: 
 

Qd=α−βP+γG 

Qs=−δ+θP−λN 

Qd=Qsα,β,γ,δ,θ,λ>0 

 

whereGisthepriceofsubstitutesforwidgetsandNisthepriceofinputsusedin producingwidgets. 

We’vesolvedfortheequilibriuminSection2: 
 

θ (α + γG) − β (δ + λN )
Q∗= 

 
P∗= 

 

(β+θ) 

δ+λN+α+γG 

(β+θ)
 

Showhowanincreaseinthepriceofsubstitutegoods,G,affectsequilibriumquantity andprice.
∂Q∗

 

∂G 

θγ 
=  >0 

(β+θ)
 

Anincreaseinthepriceofsubstituteswillincreaseequilibriumquantity. 

∂P∗
 

∂G 

γ 
=  >0 

(β+θ)
 

Anincreaseinthepriceofsubstituteswillincreaseequilibriumprice. 

Showhowanincreaseinthepriceofinputs,N,affectsequilibriumquantityandprice. 

∂Q∗
 

∂N =
−βλ 

<0 
(β+θ)

 

Anincreaseinthepriceofinputswillreduceequilibriumquantity. 

∂P∗
 

∂N 

λ 
=  >0 

(β+θ)
 

Anincreaseinthepriceofinputswillincreaseequilibriumprice.
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7.2JacobianDeterminants 
 

Partialderivativesgiveusawaytotestwhetherfunctionaldependence(linearornon- 

linear)existsamongasetofnfunctionsinnvariables. 

Considerthecaseoftwofunctionsintwovariables: 
 

y1=f(x1,x2) 

y2=g(x1,x2) 
 

Wecantakeallfourpartialderivativesforthesefunctions,andarrangethemina 

squarematrixinaspecificorder.Thismatrix,denotedbyaJ,iscalledaJacobianmatrix. 
 

∂y1/∂x1∂y1/∂x2
 

J=
∂y2/∂x1∂y2/∂x2 

 

IfthedeterminantofthisJacobianmatrixiszero,thisindicatesthatthereisfunctional 

dependenceamongourfunctions.
 

∂y1∂y2
  

∂y1∂y2|J|=  

∂x1 

 

∂x2 
−
∂x2 

 

∂x1

=0⇒functionaldependence 

=0⇒functionalindependence 
 

WhyuseaJacobian?TheadvantageofusingaJacobiandeterminantisthatitallows 

ustodetectlinearandnon-lineardependenceinfunctions.Upuntilnow,inourmatrix 

algebra,wehaveonlybeenabletodetectlineardependenceinasystemoflinearfunctions. 

Example47  

 
y1=2x1+3x2 

y2=4x2+12x1x2+9x2

 
TheJacobianmatrixis 

 
J= 

12 
 

 
 

∂y1/∂x1∂y1/∂x2 
∂y2/∂x1∂y2/∂x2 

23
= 

 
andtheJacobiandeterminantis 

8x1+12x212x1+18x2

 

|J|=2(12x1+18x2)−3(8x1+12x2) 

=0 
 

Thismeansthatthereisfunctionaldependenceamongourfunctions(inparticular 

y2=(y1)
2
).



24 

 

 

 

 

8General-FunctionModels 
 

Inallthemodelswe’vedealtwithsofar,we’vebeenabletosolveforthereducedform 

equations.Thishasallowedustousepartialdifferentiationtofigureoutthecomparative 

staticsofourmodel.Buttobeabletousepartialdifferentiationinthefirstplace,a 

requirementisthattheremustbefunctionalindependenceamongindependentvariables. 

Forexample,ifwehave: 

y=f(x1,x2)=3x1+4x2 
 

then,tousepartialdifferentiation,akeyrequirementisthatx1whenchanges,x2 

remainsconstant.Inotherwords,thereisnofunctionalrelationshipbetweenx1andx2 

thatwouldcausex2tochangewhenx1changes.Thismeansthattheparametersor 

exogenousvariablesthatappearinthereducedformequationaremutuallyindependent. 

Supposeinsteadthatwehaveafunctiony=f(x1,x2)butx2changeswhenx1changes 

andviceversa(i.e.thereisinterdependence).Inthiscasewecannolongerusepartial differentiation. 

Oftenwehavemodelsthatcontaingeneralfunctions,whichmeanthatwecannot 

actuallyexplicitlysolveforthereducedform.Forexample,considerthesimplenational incomemodel 
 

Y=C+I0+G0 

C=C(Y,T0) 
 

whichcanbewrittenasasingleequation(anequilibriumcondition) 
 

Y=C(Y,T0)+I0+G0 

 

tobesolvedforY∗.BecausetheCfunctionisgiveningeneralform,wecannotfindan 

explicitsolutionforY∗.So,wewillhavetofindthecomparativestaticderivativesdirectly 

fromthisfunction. 

LetussupposethatY∗exists.Thenthefollowingidentitywillhold: 
 

Y∗≡C(Y∗,T0)+I0+G0 

 
Itmayseemthatsimplepartialdifferentiationofthisidentitywillgiveusanydesired 

∂Y∗
comparativestaticderivative,say  

∂T0 
.Unfortunatelythisisnotthecase.SinceY∗isa

functionofT0,thetwoargumentsoftheconsumptionfunctionarenolongerindependent. 
T0canaffectconsumptiondirectly,butalsoindirectlythroughitseffectonY∗. 

Theminutethistypeofinterdependencearises,wecannolongerusepartialdifferen- 

tiation.Instead,weusetotaldifferentiation.
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9DifferentialsandDerivatives 
 

Sofar,weknowthataderivativeforafunctiony=f(x)canberepresentedas 

 

 
dy 

.We 
dx

nowre-interpretthisasaratiooftwoquantitiesdyanddx.Thinkofdyastheinfinitesimal 

changeiny,anddxastheinfinitesimalchangeinx. 

dy 

dx
≡

 
 

∴dy= 

dy 

dx 
dy 

dx 

 
 

 
dx=f0(x)dx

 

Thederivativef0(x)canthenbereinterpretedasthefactorofproportionalitybetween 

thetwofinitechangesdyanddx.Accordinglygivenaspecificvalueofdx,wecanmultiply 

itbyf0(x)togetdy.Thequantitiesdyanddxarecalledthedifferentialsofxandy, respectively. 

Example48  

 
Ify=3x2+7x−5 

thendy=f0(x)dx 

=(6x+7)dx

Example49  

 
Ify=10x3+2x2−5x+1 

thendy=f0(x)dx 

=30x2+4x−5dx
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9.1DifferentialsandPointElasticity 
 

GivenademandfunctionQ=f(P),itselasticityisdefinedas 

∆Q/Q 
= 

∆P/P 

∆Q/∆P 

Q/P
 

IfthechangeinPisinfinitesimal,thentheexpressions∆Qand∆Preducetothe 

differentialsdPanddQ.Wecanre-writeourexpressionasthepointelasticityofdemand: 
 

dQ/dP
εd≡ 

 

Q/P
 

Nowlookatthenumeratorofthisexpression:dQ/dPisthederivative,orthemarginal 

function(slope),ofthedemandfunctionQ=f(P). 

Nowlookatthedenominator:Q/Pwhichistheaveragefunctionofthedemand 

function.Inotherwords,thepointelasticityofdemandεdistheratioofthemarginal 

functiontotheaveragefunctionofthedemandfunction. 

Thisisvalidforanyotherfunctiontoo.Foranygiventotalfunctiony=f(x)wecan 

writethepointelasticityofywithrespecttoxas 
 

εyx= 
dy/dx 

= 
y/x 

marginalfunction 

averagefunction
 

Byconvention,theabsolutevalueoftheelasticitymeasureisusedindecidingwhether 

thefunctioniselasticataparticularpoint.Forinstance,fordemandfunctionswesay 
elastic

 
Demandis 


ofunitelasticity atapointwhen|εd|T1.
inelastic

 
 

Example50FindεdifthedemandfunctionisQ=200−4P.
 

dQ 

dP
=−4and

 

 

Q
=

200 − 4P P

 P
 
 

∴εd= 
dQ/dP 

= 
Q/P 

−4 

 

(200−4P)/P 

P
=−4×

200−4P 

=
−4P   

200−4P 

=
−P   

50−P
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ThissolutionasitstandsiswrittenasafunctionofP.However,shouldyoubegivena 

valueofP(e.g.P=25),youcouldthenexplicitlysolvefortheelasticityatthatprice.In 

thiscase,ifP=25theelasticityofdemandwouldbe−1,inotherwords,demandelasticity 

isunitaryatthatpoint(|εd|=1). 
 

 

10TotalDifferentials 
 

Wenowextendtheideaofadifferentialtoafunctionthathasmorethanoneindependent 

variable.Forexample,if 

y=f(x1,x2) 
 

thentheeasiestwaytoproceedmightbetofindthetwoseparatepartialderivativesfx1 

andfx2
,andthensubstitutetheseintotheequation:

 

 

dy= 

 

∂y 

∂x1 

 

 

dx1+ 

 

∂y 

∂x2 

 

 

dx2

=fx1dx1 |{z} 
changeiny 

duetochangeinx1 

+fx2dx2 |{z} 
changeiny 

duetochangeinx2

 

dyiscalledthetotaldifferentialoftheyfunction.Itisthesumofthechangethat 

occursfromachangeinx1andx2.Theprocessoffindingtotaldifferentialsiscalledtotal differentiation. 

Example51  

 
Ifz=3x2+xy−2y3

 

thendz= 
∂z∂z 

dx+dy 
∂x∂y

=(6x+y)dx+x−6y2dy 

Example52  

 
IfU=2x1+9x1x2+x2

 

thendU= 
∂U 

∂x1 

 

dx1+ 
∂U 

∂x2 

 

dx2

=(2+9x2)dx1+(9x1+2x2)dx2



28 

 

 

 

Example53  

 
Ifz= 

 

 

thendz= 

 
x 

x+y 

∂z∂z 
dx+dy 

∂x∂y

=
1 (x + y) − x (1) 

(x+y)
2
 

 

dx+ 
0 (x + y) − x (1)

dy 
(x+y)

2

y  
=

(x+y)2
 

 

dx+ 
−x 

dy 
(x+y)

2

 

 
 
 

Example54 

y 
=

(x+y)2
 

 

dx− 
x 

(x+y)2dy

 

Ify= 

 
thendy= 

2xz 

x+z 
∂y∂y 

dx+dz 
∂x∂z

=
2z (x + z) − 2xz (1) 

(x+z)
2
 

 

dx+ 
2x (x + z) − 2xz (1)

dz 
(x+z)

2

2z2 
=

(x+z)2
 

 

dx+ 
2x2 

(x+z)2dz

 

10.1EconomicApplications 
 

Example55Considerasavingfunction 
 

S=S(Y,i) 
 

whereSissavings,Yisnationalincomeandiistheinterestrate. 

ThetotalchangeinSisgivenbythedifferential
 

dS= 
∂S∂S 

dY+di 
∂Y∂i

=SYdY+Sidi 
 

ThefirsttermSYdYgivesthechangeinSresultingfromthechangeinY,andthe 

secondtermSidigivesthechangeinSresultingfromachangeini. 

WecanalsofindtheelasticityofsavingswithrespecttoYandi: 

∂S/∂YY
εSY= =SY 

S/YS

∂S/∂ii
εSi= =Si 

S/iS
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Example56Considertheutilityfunction 
 

U=U(x1,x2) 

Thetotaldifferentialofthisfunctionis 
 

∂U 
dU= 

∂x1 

 
 
 

dx1+ 

 

 
∂U 

∂x2 

 
 
 

dx2

=Ux1dx1+Ux2dx2 

 

Economically,thetermUx1dx1meansthemarginalutilityofx1(Ux1)timesthechange 

inthequantityofx1consumed(dx1).SimilarlyforUx2dx2. 

Again,wecanfindelasticitymeasureswithrespecttoeachargumentinourfunction: 
 

εUx1
= 

 

 

εUx2
= 

∂U/∂x1 

U/x1 

∂U/∂x2 

U/x2 

=U
x1 

x1U 

=U
x2 

x2U
 

Example57UsingtotaldifferentialstofindMRS 

ConsiderautilityfunctionU=U(x1,x2).WeknowthatUwillbeconstantalonga 

givenindifferencecurve. 

Thetotaldifferentialisgivenby 
 

dU= 
∂U 

∂x1 

 

dx1+ 
∂U 

∂x2 

 

dx2

=Ux1dx1+Ux2dx2 

 

BecauseUisconstant,dU=0.Thus 
 

dU= 
∂U 

∂x1 

 

dx1+ 
∂U 

∂x2 

∂U 

 

dx2=0 
 

∂U 
dx2=− 

 

 
 
 

dx1⇒
∂x2 

 

 

dx2 

dx1 

∂x1 

∂U/∂x1 
=−
∂U/∂x

=MRS
 

 

 
 
x1x2
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11RulesofDifferentials 
 

Astraightforwardwayoffindingthetotaldifferentialdy,given 
 

y=f(x1,x2) 
 

istofindthetwoseparatepartialderivativesfx1andfx2,andthensubstitutetheseinto theequation: 
 

dy= 
∂y 

∂x1 

 

dx1+ 
∂y 

∂x2 

 

dx2

=fx1dx1+fx2dx2 

 

Butatothertimes,variousrulesofdifferentialsmaybeuseful.Theserulesarevery 

similartotherulesofdifferentiation. 

Letkbeaconstantanduandvbetwofunctionsofthevariablesx1andx2.Thenwe 

havethefollowingrules: 
1.dk=0(cf.constantfunctionrule) 

 
2.d(cun)=cnun−1du(cf.powerfunctionrule) 

 
3.d(u±v)=du±dv(cf.sum-differencerule) 

 
4.d(uv)=vdu+udv(cf.productrule) 

5.d
u

=
1 

 

(vdu−udv)(cf.quotientrule)
vv2 

 

Example58Findthetotaldifferentialofthefunction 
 

y=5x2+3x2 

Wecanusethestraightforwardmethod 

 
∂y 

dy= 
∂x1 

 
 
 

dx1+ 

 

 
∂y 

∂x2 

 
 
 

dx2

=10x1dx1+3dx2 

 

Orwecanletu=5x2andv=3x2andusetherules 
 

dy=d5x2+d(3x2)(rule3) 

=10x1dx1+3dx2(rule2)
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1 

1 
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1 
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1 

1 
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1 
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Example59Findthetotaldifferentialofthefunction 
 

y=3x2+x1x2 
12 

 

Wecanusethestraightforwardmethod 
 

∂y∂y
dy=  

∂x1 
dx1+  

∂x2 
dx2

=6x1+x2dx1+(2x1x2)dx2 

 

Orwecanletu=3x2andv=x1x
2andusetherules 

12 
 

dy=d3x2+dx1x2(rule3)
 

12 

=6x1dx1+x2dx1+x1dx2(rules2and4)
 

22 

=6x1+x2dx1+(2x1x2)dx2(rule2) 
 

Example60Findthetotaldifferentialofthefunction 
 

x1 +x2y= 
 

 

Wecanusethestraightforwardmethod 

2x2

 

 

dy= 

 

∂y 

∂x1 

 

 

dx1+ 

 

∂y 

∂x2 

 

 

dx2

1 2x2−(x1 + x2) (4x1)
! 

=
4x4 

 
dx1+ 

1 2x2−(x1 + x2) (0)
! 

4x4
 

 
dx2

 

−2x2 −4x1x2 
=

4x4 

 
dx1+ 

 

2x2
 

4x4 

 
dx2

=
− (x1 + 2x2) 

2x3
 

 

dx1+ 
1  

2x2 

 

dx2

 

Orwecanletu=x1+x2andv=2x2andusetherules

 
dy= 

 

1  
2x22 

 

2x2d(x1+x2)−(x1+x2)d 

 

2x2
  

(rule5)

1 
=

4x4 

 

2x2(dx1+dx2)−(x1+x2)4x1dx1(rules2and3)

1 
=

4x4 

 

−2x1(x1+2x2)dx1+2x2dx2

=
− (x1 + 2x2) 

2x3
 

 

dx1+ 
1  

2x2 

 

dx2
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12TotalDerivatives 
 

Nowthatweknowhowtofindtotaldifferentials,weareclosertobeingabletofigureout 

howtodifferentiateafunctionwhentheargumentsofthefunctionarenotindependent. 

Returningtoourearlierexample,weareastepclosertobeingabletofindthederivative 

ofthefunctionC(Y∗,T0)withrespecttoT0,whenY∗andT0areinterrelated.Todothis, 

weneedtomakeusethetotalderivative.AtotalderivativedoesnotrequirethatY∗ 

remainconstantasT0varies.Inotherwords,atotalderivativeallowsustofigureoutthe 

rateofchangeofafunctionwritteningeneralform,whentheargumentsinthatfunction arerelated. 

Sohowdowefindthetotalderivative? 

Thetotalderivativeisjustaratiooftwodifferentials. 

Step1:Findthetotaldifferential 

Step2:Dividebytherelevantdifferential 

Supposewehave
 
 

Wecanwritethisas 

y=f(x,w)wherex=g(w) 
 
 

y=f(g(w),w)
 

Thethreevariablesy,xandwarerelatedtoeachotherasshowninthefigurebelow 

(referredtoasachannelmap). 

 

Itshouldbeclearthatwcannowaffectythroughtwochannels–throughitsdirect 

impactony,andindirectlythroughitseffectonx.So,we’rereallyinterestedinknowing 

howachangeinwwillaffecty,onceweaccountforthedirectandindirecteffects.Because 

whasbothadirectandindirecteffect,itistheultimatesourceofchangeinthismodel. 

Note:Apartialderivative(obtainedusingpartialdifferentiation)isadequateforex- 

plainingthedirecteffect.However,whenwehavebothdirectandindirecteffects,weneed 

atotalderivative. 

Step1:Tofindthetotalderivative,firstfindthetotaldifferential: 
 

dy= 
∂y∂y 

dx+dw 
∂x∂w

=fxdx+fwdw 
 

Step2:Dividebytherelevantdifferential.Becausewisthedrivingforceofchangein
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thismodel,wewanttofind 
dy 

.Todothis,simplydividethetotaldifferentialbydw: 
dw

 

dy∂ydx 
= 

dw∂xdw 

 

∂ydw 
+ 
∂wdw

dy∂ydx 
= 

dw∂xdw 

indire

|
ct

{
e

z
ffec

}
tofw 

∂y 
+ 

∂w 

direct

|
e

{
ff

z
e

}
ctofw 

 

∂y
Becarefulnottogetyourpartialderivatives 

∂w 
dy mixedupwithtotal

derivatives! 
dw 

dy 
Example61Find 

dw 

 

giveny=f(x,w)=3x−w2wherex=g(w)=2w2+w+4.

Firstfindthetotaldifferential:  

 
 

dy= 

 
 

∂y∂y 
dx+dw 

∂x∂w
 

Thenfindtotalderivative:(Becausewistheultimatesourceofchange,weareinterested 
dy

infinding) 
dw 

 

 
dy∂ydx 

= 
dw∂xdw 

∂ydx 
= 

∂xdw 

 

 
∂ydw 

+ 
∂wdw 
∂y 

+ 
∂w

 

Nowsimplyfillinthepieces: 
 

dy 

dw 

 
 
 

∂ydx∂y 
=+ 

∂xdw∂w
=(3)(4w+1)+(−2w) 

=10w+3
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dy 
Example62Find 

dw 

 

giveny=f(x,w)=4x2−2wwherex=g(w)=w2+w−3.

Firstfindthetotaldifferential:  

 
dy= 

 

 

∂y∂y 
dx+dw 

∂x∂w
 

Thenfindtotalderivative:(Becausewistheultimatesourceofchange,weareinterested 
dy

infinding) 
dw 

 

 
dy∂ydx 

= 
dw∂xdw 

∂ydx 
= 

∂xdw 

 

 
∂ydw 

+ 
∂wdw 
∂y 

+ 
∂w

=(8x)(2w+1)+(−2) 

=16wx+8x−2 

=16ww2+w−3+8w2+w−3−2 

=16w3+24w2−40w−26 
 

 

12.1EconomicApplications 
 

Example63Considertheutilityfunction 
 

U=U(c,s) 
 

whereciscoffeeandsissugar.Ifs=s(c),wecanre-writeourutilityfunctionas 
 

U=U(c,s(c)) 
 

dU 
Becausecisthedrivingforceofchange,wewanttofindthetotalderivative. dc 

Firstfindthetotaldifferential:

 
dU= 

 

∂U∂U 
dc+ds 

∂c∂s
 

Thenfindtotalderivative:(Becausecistheultimatesourceofchange,weareinterested 
dU

infinding) 
dc 

 

 
dU∂Udc 

= 
dc∂cdc 

 

 
∂Uds 

+ 
∂sdc

∂U∂Uds 
=+ 

∂c∂sdc 
∂U∂U 
=+s0(c) 
∂c∂s
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Example64Lettheproductionfunctionbe 
 

Q=Q(K,L,t)whereK=K(t)andL=L(t) 
 

Theinclusionoft,todenotetime,reflectsthattheproductionfunctioncanchangeover 

timeinresponsetotechnologicalchange.Inotherwords,wearedealingwithadynamic 

productionfunctionasopposedtoastaticproductionfunction. 

Wecanre-writethisproductionfunctionas 
 

Q=Q(K(t),L(t),t) 
 

dQ 
Therateofchangeofoutputwithrespecttotimeisgivenbythetotalderivative. dt 
Firstfindthetotaldifferential: 

 

dQ= 
∂Q 

dK+ 
∂K 

∂Q∂Q 
dL+dt 

∂L∂t
 

Thenfindtotalderivative(withrespecttotime,whichisthedrivingforceofchange): 

dQ∂QdK 
= ∂QdL 

++ 
∂Qdt

dt∂Kdt ∂Ldt ∂tdt

=QKK0(t)+QLL0(t)+Qt 

 

 

13DerivativesofImplicitFunctions 
 

Theconceptoftotaldifferentialsenablesustofindthederivativesofimplicitfunctions. 
 

 

13.1ImplicitFunctions 
 

Afunctiongivenintheformofy=f(x),forexample 
 

y=f(x)=2x2(1) 
 

iscalledanexplicitfunction,becausethevariableyisexplicitlyexpressedasafunctionof 

x. 

However,ifthefunctioniswrittenintheequivalentform 
 

y−2x2=0(2) 
 

thenwenolongerhaveanexplicitfunction.Rather,thefunction(1)isimplicitly 

definedbytheequation(2).Whenwearegivenanequationintheformof(2),therefore, 

thefunctiony=f(x)whichitimplies,andwhosespecificformmaynotevenbeknown 

tous,isreferredtoasanimplicitfunction.
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Ingeneral,anequationoftheform 
 

F(y,x1,...,xn)=0 
 

MAYalsodefineanimplicitfunction 
 

y=f(x1,...,xn) 
 

ThewordMAYisimportanthere.Whileitisalwayspossibletotransformanexplicit 

functiony=f(x)intoanequationF(y,x)=0,theconverseneednotholdtrue.Inother 

words,itisnotnecessarilythecasethatanequationoftheformF(y,x)=0implicitly definesafunctiony=f(x). 

 
Example65Considertheequation 

 

F(y,x)=x2+y2−9=0 
 

impliesnotafunction,butarelation,becausethisequationdescribesacirclesothat 

nouniquevalueofycorrespondstoeachvalueofx. 

Note,however,thatifwerestricttononnegativevalues(i.e.y≥0)thenwewillhave 

theupperhalfofthecircleonlyandthatconstitutesafunction 

y=+
p

9−x2 

 
Similarlythelowerhalfofthecircle,wherey≤0,constitutesanotherfunction 

y=−
p

9−x2 

 
Butneitherthelefthalfnortherighthalfofthecirclecanqualifyasafunction. 

 
Theimplicitfunctiontheoremprovidesuswiththegeneralconditionsunderwhichwe 

canbesurethatagivenequationoftheform 

 

F(y,x1,...,xn)=0 

doesindeeddefineanimplicitfunction 

y=f(x1,...,xn) 

 
Theorem1Givenanequationoftheform 

 
F(y,x1,...,xn)=0(3) 

 
if
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1.FhascontinuouspartialderivativesFy,F1,...,Fn,andif 
 

2.atapoint(y0,x10,...,xn0)satisfyingequation(3),Fy=0 

 
thenthereexistsann-dimensionalneighbourhoodof(y0,x10,...,xn0)inwhichyisan 

implicitlydefinedfunctionofthevariablesx1,...,xnintheformofy=f(x1,...,xn). 

Thisimplicitfunctionf 

 
(a)gives(3)thestatusofanidentityintheneighbourhoodof(y0,x10,...,xn0),i.e. 

F(y,x1,...,xn)≡0. 

(b)iscontinuous. 

(c)hascontinuouspartialderivativesf1,...,fn. 

 
Itisimportanttonotethattheconditionsfortheimplicitfunctiontheoremaresuffi- 

cient,butnotnecessary,conditions.Thereforeitcouldbepossibletofindapointatwhich 

Fy=0butanimplicitfunctionmaystillexistaroundthispoint. 

 
Example66Supposewehavetheequation 

 

F(y,x)=x2+y2−9=0 
 

Wewanttoknowwhetheritdefinesanimplicitfunction. 

 
1.DoesFhavecontinuouspartialderivatives? 

 

Heretheanswerisyes. 
 

Fy=2y 

Fx=2x 

 
2.ForthepointsthatsatisfytheequationF(y,x)=x2+y2−9=0,isFy=0? 

 
Sincethereareawholerangeofpossible(x,y)combinationsthatcouldsatisfythe 

equationF(y,x)=x2+y2−9=0,itmighttakesometimetofigureoutwhetherFy=0 

foreachpossiblecombination.So,taketheoppositeapproachandseeifyoucancalculate 

thevaluesforwhichFy=0.Onceyouknowthecombinationsof(x,y)forwhichFy=0, 

thenyoujustneedtocheckwhetherthisfallsintherangeofpossible(x,y)combinations 

whichsatisfyF(y,x)=x2+y2−9=0. 

So,Fy=2y.Clearly,thiswillequalzerowhenyiszero. 

Wheny=0,xvaluesof−3or3willsatisfyF(y,x)=x2+y2−9=0. 

So,forthepoints(−3,0)and(3,0),Fy=0. 

Butforallothercombinationsof(x,y),Fy=0.
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2
−− 

−− 

 
 

Soforallpossiblecombinationsof(x,y)thatsatisfyF(y,x)=x2+y2−9=0exceptthe 

twopoints(−3,0)and(3,0),Fy=0andthereforewewillbeabletofindaneighbourhood 

ofpointsforwhichtheimplicitfunctiony=f(x)isdefined.Furthermore,giventhatthe 

implicitfunctionwillbedefinedinthisneighbourhood,weknowthatthisfunctionwillbe 

continuous,andwillhavecontinuouspartialderivatives. 

Graphically,thismeansthatitispossibletodraw,say,arectanglearoundanypointon thecircle-

except(−3,0)and(3,0)-suchthattheportionofthecircleenclosedtherein 

willconstitutethegraphofafunction,withauniqueyvalueforeachvalueofxinthat rectangle. 

 
13.2DerivativesofImplicitFunctions 

 

IfyouaregivenanequationoftheformF(y,x1,...,xn)=0anditispossibleforyouto re-

writeitasy=f(x1,...,xn),thenyoushouldgoaheadanddothis.Then,youcanfind 

thederivativeasyouhavebefore. 
 

Example67TheequationF(y,x)=x2+y2−9=0caneasilybesolvedtogivetwo separatefunctions: 

y+=+
p

9 −x2(upperhalfofcircle) 

y−=−
p

9−x2(lowerhalfofcircle) 

 
Youcanfindthederivativesusingtherules: 

dy+

dx 

dy−
 

 

= 
1

9x2−1/2
(2x)=

−x
y+ 

1x
 

 

y+=0

dx
=−

2 
9x2−1/2

(2x)= 
y−

 

y−=0

 

Butwhataboutcaseswhereit’snotsoeasytore-writetheequation 

F(y,x1,...,xn)=0intermsofy?Inthiscase,wemakeuseoftheimplicitfunctionrule: 

IfF(y,x1,...,xn)=0definesanimplicitfunction,thenfromtheimplicitfunction 

theorem,itfollowsthat:(Referbacktothetheoremforreassuranceifyou’refeelingdoubt- 

ful...) 

F(y,x1,...,xn)≡0 
 

ThissaysthattheLHSisidenticallyequaltotheRHS.Iftwoexpressionsareidentically 

equal,thentheirrespectivedifferentialsmustalsobeequal.(Considerthisexample:a≡a if,thenda≡da) 

Thus, 
 

dF(y,x1,...,xn)≡d0(we’vejusttakenthedifferentialofbothsides)
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i 
− 

i 
− 

y 

y 
− 

− 

 
 

Now,writeouttheexpressionforthetotaldifferentials,dF,andd0. 
 

Fydy+F1dx1+F2dx2+...+Fndxn=0(4) 

Now,theimplicitfunctiony=f(x1,...,xn)hasthetotaldifferential 

dy=f1dx1+f2dx2+...+fndxn 

 
Wecansubstitutethisdyexpressioninto(4)toget 

 
(Fyf1+F1)dx1+(Fyf2+F2)dx2+...+(Fyfn+Fn)dxn=0 

 
Sinceallthedxicanvaryindependentlyfromoneanother,forthisequationtohold, 

eacheachbracketmustindividuallyvanish,i.e. 

Fyfi+Fi=0(foralli) 

WedividethroughbyFyandsolveforfi: 
 

∂yf
i≡
∂x

 =
Fi 

Fy 

 

(i=1,2,...,n)

 

InthesimplecasewhereF(y,x)=0,therulegives: 
 

dyFx 

dx
=−

F 
 

Torecap,theimplicitfunctionruletellsusthatgivenanequationoftheform 

F(y,x1,...,xn)=0,ifanimplicitfunctionisdefined,thenitspartialderivativescan befoundusingtheformula: 
 

∂yf
i≡
∂x

 =
Fi 

Fy 

 

(i=1,2,...,n)

 

Thisisaniceresultbecauseitmeansthatevenifyoudon’tknowwhattheimplicit 

functionlookslike,youcanstillfinditsderivatives. 
 

Example68SupposetheequationF(y,x)=y−3x4=0implicitlydefinesafunction 

y=f(x),then

dyFx 

dx
=−

F 

12x3 
= 

1 

 

=12x3
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y 
− 

y 
− 

− 

y 
− 

y 

− 

 
 

Example69ConsidertheequationofthecircleF(y,x)=x2+y2−9=0.Usingthe implicitfunctionrulegives
dyFx 

dx
=−

F 

2xx 
=

2y
=−

y

Notethatify=0,thenthisexpressionisundefinedBUTrecall,thatforthisequation, 

wheny=0theimplicitfunctionisnotdefined–seeearlierexampletore-check. 

Youshouldalsocheckthatifyousubstituteinthefunctionsy+andy−,yougetthe 

derivativeswefoundearlierusingtherules. 
 

Example70SupposetheequationF(y,x,w)=y4−3x4y2+2wx−1=0implicitlydefines 

afunctiony=f(x,w),then
 

∂yFx 

∂x
=−

F 

∂yFw
 

 

12x3y2 +2w 
= 

(4y3−6x4y) 

(2x)  

∂w
=−

F 
= 

(4y3−6x4y)
 

Example71SupposetheequationF(y,x,w)=xy2−2xwy+10wx+5=0implicitly 

definesafunctiony=f(x,w),then
 

∂yFx 

∂x
=−

F 

∂yFw
 

y2 −2wy + 10w 
=− 

2xy−2xw 

−2xy +10x
= 
∂wFy 

 

∂y∂y 

=− 
2xy−2xw

Example72Find and 
∂x∂w 

foranyimplicitfunction(s)thatmaybedefinedbythe

equationF(y,x,w)=y3x2+w3+yxw−3=0. 

First,weneedtousetheimplicitfunctiontheoremtofigureoutwhetheranimplicit 

functiony=f(x,w)isdefinedornot. 
 

1.DoesFhavecontinuouspartialderivatives? 
 

Fy=3y2x2+xw 

Fx=2y3x+yw 

Fw=3w2+yx 
 

Yesitdoes. 
 

2.IsFy=0forthesetofpointsthatsatisfyF(y,x,w)=y3x2+w3+yxw−3=0? 

Well,onepossiblesetofpoints(y,x,w)thatsatisfiesF(y,x,w)=0is(1,1,1).At 

thispoint,Fy=4.So,thesecondconditionismet.Thismeansthatanimplicit 

functionisdefined,atleastinandaroundtheneighbourhoodofthepoint(1,1,1). 

(Wecouldshowotherpointstoo,butoneisenough)
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y 

y 

y 

y 

Q 

Q 

 
 

So,sinceanimplicitfunctionisdefined(atleastforsomeneighbourhoodofpoints),we 

canusetheimplicitfunctionrule:
 

∂yFx 

∂x
=−

F 

∂yFw
 

 

2y3x +yw 
=−

3y2x2+xw 

3w2 +yx  

∂w
=−

F 
=−

3y2x2+xw

 

Example73Find 
∂y∂y 
and 
∂x∂w 

 

foranyimplicitfunction(s)thatmaybedefinedbythe

equationF(y,x,w)=3y2x+x2yw+yxw2−16=0. 

First,weneedtousetheimplicitfunctiontheoremtofigureoutwhetheranimplicit 

functiony=f(x,w)isdefinedornot. 

 
1.DoesFhavecontinuouspartialderivatives? 

 

Fy=6yx+x2w+xw2
 

Fx=3y2+2xyw+yw2
 

Fw=x2y+2yxw 

 
Yesitdoes. 

 

2.IsFy=0forthesetofpointsthatsatisfyF(y,x,w)=3y2x+x2yw+yxw2−16=0? 

Well,onepossiblesetofpoints(y,x,w)thatsatisfiesF(y,x,w)=0is(2,1,1).At 

thispoint,Fy=14.So,thesecondconditionismet.Thismeansthatanimplicit 

functionisdefined,atleastinandaroundtheneighbourhoodofthepoint(2,1,1). 

(Wecouldshowotherpointstoo,butoneisenough) 

 
Now,wecanusetheimplicitfunctionrule: 

∂yFx 

∂x
=−

F 

∂yFw
 

3y2 +2xyw + yw2 
=−

6yx+x2w+xw2 

x2y +2yxw  

∂w
=−

F 
=−

6yx+x2w+xw2

 

Example74AssumethattheequationF(Q,K,L)=0implicitlydefinesaproduction 

functionQ=f(K,L),thenwecanusetheimplicitfunctionruletofind 

∂QFK 

∂K
=−

F 

∂QFL 

∂L
=−

F 

 

Thisisthemarginalphysicalproductofcapital 
 

 

Thisisthemarginalphysicalproductoflabour
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K 

 
 

BUTthere’sonemorederivativewecanfindtoo: 
 

∂KFL 

∂L
=−

F 
 

∂K
Whatisthemeaningof ?ThepartialsignimpliesthattheothervariableQis 

∂L
beingheldconstant,andsoitsimplygivesusadescriptionofthewayinwhichcapital 

inputswillchangeinresponsetoachangeinlabourinputsinsuchawayastokeepoutput 

constant.Recallfromproductiontheory,thatproductionisconstantalonganisoquant. 
∂K 

(Inthesamewaythatutilityisconstantalonganindifferencecurve).Inotherwords, 
∂L 

tellsussomethingaboutmovingalonganisoquant(youmustmovealongtheisoquantif 

bothKandLarechanging).Moreprecisely,itprovidesinformationabouttheslopeofan 
∂K

isoquant.(whichisusuallynegative).Theabsolutevalueof 
∂L 

tellsusthemarginalrate

oftechnicalsubstitutionbetweenthetwoinputs,capitalandlabour. 
 

 

13.3ApplicationtotheSimultaneousEquationCase 
 

Ageneralisedversionoftheimplicitfunctiontheoremdealswiththeconditionsunder 

whichasetofsimultaneousequations 
 

F1(y1,...,ym;x1,...,xn)=0 

F2(y1,...,ym;x1,...,xn)=0 

...........................(5) 

Fm(y1,...,ym;x1,...,xn)=0 

willassuredlydefineasetofimplicitfunctions 

y1=f1(x1,...,xn) 

y2=f2(x1,...,xn) 

..................(6) 

ym=fm(x1,...,xn) 

Thegeneralisedversionofthetheoremstatesthat: 

Theorem2Giventheequationsystem(5),if 
 

(a)thefunctionsF1,...,Fmallhavecontinuouspartialderivativeswithrespectto 

alltheyandxvariables,andif
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∂F    
∂F  

 
 

(b)atapoint(y10,...,ym0;x10,...,xn0)satisfying(5),thefollowingJacobiande- terminantisnon-

zero:

∂F 1 

∂y1
 

1 

∂y2
... ∂F 1 

∂ym

∂ F 1, . . . , F m
 

∂F2 
∂F2 

∂F2

|J|≡ ≡∂y1 ∂y2
... ∂ym

∂(y1,...,ym) ............
∂F m 

∂y1 

m 

∂y2
... 

∂F m 
∂ym

 

thenthereexistsann-dimensionalneighbourhoodof(x10,...,xn0)inwhichthevariables 

y1,...,ymarefunctionsofthevariablesx1,...,xnintheformof(6)and 
 

1.Theimplicitfunctionsgive(5)thestatusofidentitiesintheneighbourhoodaround 

(y10,...,ym0;x10,...,xn0). 
 

2.Theimplicitfunctionsf1,...,fmarecontinuousandhavecontinuouspartialderiva- 

tiveswithrespecttoallthexvariables. 
 

Asinthesingleequationcase,itispossibletofindthepartialderivativesoftheimplicit 

functionsdirectlyfromthemequationsin(eqrefe7,withouthavingtosolvethemforthe yvariables. 

Sincetheequationsin(5)havethestatusofidentitiesintheneighbourhoodaround 

(y10,...,ym0;x10,...,xn0),wecantakethetotaldifferentialofeachofthese 
 

dFj≡d0(j=1,2,...,m) 
 

WecanwriteouttheexpressionsfordFjandd0andtakethedxitermstotheRHStoget
 

∂F1
 

∂y1 

∂F2
 

∂y1 

 
dy1+ 
 

 

dy1+ 

 

∂F1
 

∂y2 

∂F2
 

∂y2 

 
dy2+...+ 
 

 

dy2+...+ 

 

∂F1
 

∂ym 

∂F2
 

∂ym 

 
dym=− 

 

 

dym=− 

 

∂F1
 

∂x1 

∂F2
 

∂x1 

 
dx1+ 
 

 

dx1+ 

 

∂F1
 

∂x2 

∂F2
 

∂x2 

 
dx2+...+ 
 

 

dx2+...+ 

 

∂F1
 

∂xn 

∂F2
 

∂xn 

 
dxn 

 

 

dxn

....................................(7)

∂Fm
 

∂y1 

 

dy1+ 
∂Fm

 

∂y2 

 

dy2+...+ 
∂Fm

 

∂ym 

 

dym=− 
∂Fm

 

∂x1 

 

dx1+ 
∂Fm

 

∂x2 

 

dx2+...+ 
∂Fm

 

∂xn 

 

dxn
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